Abstract. This paper deals with the blow-up properties of solutions to a degenerate parabolic system coupled via nonlinear boundary flux. Firstly, we construct the self-similar supersolution and subsolution to obtain the critical global existence curve. Secondly, we establish the precise blow-up rate estimates for solutions which blow up in a finite time. Finally, we investigate the localization of blow-up points. The critical curve of Fujita type is conjectured with the aid of some new results.
1. Introduction. In this paper, we consider the following degenerate parabolic equations u it = (u mi i ) xx , (i = 1, 2, · · · , k), x > 0, 0 < t < T, (1.1) coupled via nonlinear boundary flux − (u mi i ) x (0, t) = u pi i+1 (0, t), (i = 1, 2, · · · , k), u k+1 := u 1 , 0 < t < T, (1.2) with continuous, nonnegative initial data u i (x, 0) = u 0i (x), (i = 1, 2, · · · , k), x > 0, (1.3) compactly supported in R + , where m i > 1, p i > 0, (i = 1, 2, · · · , k, (k ≥ 2)) are parameters. Let the initial data satisfy the compatibility condition. Parabolic systems like (1.1)-(1.3) appear in population dynamics, chemical reactions, heat transfer, and so on, where u i , (i = 1, 2, · · · , k), represent the densities of k biological populations during a migration, the thickness of k kinds of chemical reactants in a chemical reactions, or the temperatures of k kinds of porous materials during a propagation. See [14] and references therein. The problems with nonlinear boundary conditions and nonlinear diffusion include blow-up and global existence conditions of solutions, blow-up rates and blow-up sets, etc.(see the surveys [2, 7, 11, 18] ). Here, we say solution blows up in a finite time if the solution becomes unbounded (in the sense of maximum norm) at that time.
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System (1.1)-(1.3) has been studied by many authors. Galaktionov and Levine studied in [6] the single-equation case u t = (u m1 ) xx , x > 0, 0 < t < T, − (u m1 ) x (0, t) = u p1 (0, t), 0 < t < T, u(x, 0) = u 0 (x), x > 0.
(1.4)
It was shown that if 0 < p 1 ≤ p 0 := m1+1 2 , then all nonnegative solutions of (1.4) are global in time, while for p 1 > m1+1 2
there are solutions with finite time blow-up. That is, p 0 is the critical global existence exponent. Moreover, it was also shown that p c := m 1 +1 is a critical exponent of Fujita type. Precisely, p c has the following properties: if p 0 < p 1 ≤ p c , then all nontrivial nonnegative solutions blow up in a finite time, while global nontrivial nonnegative solutions exist if p 1 > p c .
The results from [6] were later extended in several directions (see, for example, [15, 17, 22, 23] and for a survey cf. [2] ). In all these generalizations and extensions, the system consists of at most two components. For instance, Quirós and Rossi [17] considered the degenerate equations coupled via variable nonlinear boundary flux
2 ) xx , x > 0, 0 < t < T,
2 ) x (0, t) = u p2 1 (0, t), 0 < t < T,
with notations
They proved that the solutions of (1.5) are global if 4p 1 p 2 ≤ (m 1 + 1)(m 2 + 1) and may blow up in finite time if 4p 1 p 2 > (m 1 + 1)(m 2 + 1). In the case of 4p 1 p 2 > (m 1 + 1)(m 2 + 1), if γ 1 + τ 1 ≤ 0 or γ 2 + τ 2 ≤ 0, then every nontrivial nonnegative solution of (1.5) blows up in a finite time, while global nonnegative solutions exist if γ 1 + τ 1 > 0 and γ 2 + τ 2 > 0. Therefore, the critical global existence curve is 4p 1 p 2 = (m 1 + 1)(m 2 + 1) and the critical Fujita type curve is described by min{γ 1 + τ 1 , γ 2 + τ 2 } = 0, while the blow-up rate is O((T − t) γ1 ) for u 1 and O((T − t) γ2 ) for u 2 as t → T − . Recently, Lin [13] studied the more general semilinear system
Under some suitable assumptions, he obtained the blow-up rate estimates for the blow-up solution (u 1 , u 2 , · · · , u k ) of (1.6). That is, there exist constants C > c > 0 such that
where (α 1 , α 2 , · · · , α k ) T is the unique solution of system (1.7) with m i = 1, (i = 1, 2, · · · , k).
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There are also related works on the blow-up properties for general semilinear diffusion system coupled through a nonlinear boundary condition
where Ω ⊂ R N is a bounded domain or Ω = R N + (see [13, 16, 20] ), or through nonlinear reaction terms
where Ω ⊂ R N or Ω = R N (see [4, 21] and references therein). The aim of this paper is threefold. First, we construct the self-similar supersolution and subsolution to obtain the critical global existence curve of system (1.1)-(1.3). The critical curve of Fujita type is conjectured with the aid of some new results. Secondly, by using the scaling arguments we establish the exact blow-up rate estimates for solutions which blow up in a finite time. Finally, we investigate the localization of blow-up points. These results extend those of problems (1.4) [6] , (1.5) [17] and (1.6) [13] into the more general system (1.1)-(1.3). The fact that we are dealing with a general system instead of a single equation or two equations forces us to develop some new techniques.
Since m i > 1, we have slow diffusion: if for instance the initial data are compactly supported then the weak solution, defined in the usual integral way, also has compact support as long as it exists. Local in time existence of weak solution, as well as a comparison principle, can be easily established as for instance in [1, 15, 19] . In fact, classical theory implies that the solution is smooth when positive. On the contrary, it is only Lipshitz continuous at the boundary of the support. Now, we introduce some useful symbols to state our results.
T be the solution of the following linear algebraic system
We shall see that detA = 0 is the critical global existence curve. A direct computation also shows that
It follows from (m
We also define
9) where α k+1 := α 1 . And then we have
Our main results read as follows. 
, then the system (1.1)-(1.3) admits a solution blowing up in a finite time. [6] , the variational nonlinear boundary case (1.5) [17] and the semilinear case (1.6) [13] , if we take k = 1, k = 2, m i = 1, respectively. Theorem 1.1 also shows that the critical global existence curve of system (1.1)-(1.3) is described by
On the other hand, from Theorem 1.2, we conjecture that the critical Fujita curve is given by min i {α i + β i } = 0.
Once we have characterized for which exponents the solution to problem (1.1)-(1.3) can or cannot blow up, we want to study the way the blowing up solutions behave as approaching the blow-up time. To this purpose, the first step usually consists in deriving a bound for the blow-up rate. For system (1.1)-(1.3), we have the following blow-up rate estimates.
Furthermore, if 2p i ≥ m i+1 + 1, then we have also the lower estimates, that is, there exists a constantĉ > 0 such that
The assumption on initial data in Theorem 1.3 ensures that the solution (u 1 , u 2 , · · · , u k ) is increasing in time, i.e., u 1t , u 2t , · · · , u kt ≥ 0 (see, for instance, [17, 23] ). This monotonicity assumption can be avoided using the technique in [8] . However, it will lead to impose the stricter restrictions on the exponents p i ,
Our next aim is to study the localization of blow-up points (blow-up sets). For a function u = u(x, t) in R + × (0, T ), which blows up at a finite time T , we define the blow-up set as 
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Remark 1.3. Theorem 1.4 implies that the blow-up sets may have positive measures for (1.1)-(1.3). This is due to the nonlinear diffusion mechanism in the system. Indeed, if (u 1 , u 2 , · · · , u k ) is a blow-up solution of the heat solution, that is, m i = 1, (i = 1, 2, · · · , k), the blow-up sets of u i , (i = 1, 2, · · · , k), coincide and consist of a single point, x = 0, [13] .
The rest of this paper is organized as follows. In Section 2, we consider the global existence and finite time blowup (Theorems 1.1 and 1.2). In Section 3, we establish the precise blow-up rates (Theorem 1.3). Finally, we study the blow-up sets in Section 4 and give the proof of Theorem 1.4.
2. Global existence and finite time blowup. In this section, we characterize when the solutions to problem (1.1)-(1.3) are global in time or they blow up. Our methods are based on the construction of self-similar solutions and on the comparison arguments.
Proof of Theorem 1.1 (i). We look for a globally defined in time strict supersolution of self-similar form
After a series of computations we have
To obtain (2.1), we impose
On the other hand, we have on the boundary that
where
Now we choose κ i , L i such that (2.2) and (2.3) hold. To this purpose, we first fix L i = (M + 1) p i m i +1 , which implies that the second part of (2.3) holds. Next, we 492 ZHAOYIN XIANG AND CHUNLAI MU may choose κ 1 large enough such that the other (in)equalities of (2.2)-(2.3) hold. In fact, by the first inequality of (2.2), we have
To obtain the first part of (2.3), we use (2.4) and take
In the case of i = k, we must confirm
Clearly, this is true under the assumption
To prove the nonexistence of global solutions, we construct a blow-up self-similar subsolution of system (1.1)-(1.3).
, where
Proof. We first remark that α i < 0 under the assumption
to be a subsolution of system (1.1)-(1.2), we need that
Thanks to (1.9) and (1.10), we only need to choose f i such that
To do this, we take 6) where A i , a i are to be determined. Inserting f i in the first inequality of (2.5), we obtain
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Hence, it is enough to impose
In particular, we choose A i , a i satisfying
On the other hand, the boundary conditions in (2.5) are satisfied if we have
Substituting (2.7) into (2.8), we see that (2.8) holds provided that we choose A i satisfying
The condition
(m i + 1) ensures that we can take A i large enough such that inequalities (2.9) hold. Therefore, we have shown that (u 1 , u 2 , · · · , u k ) is a subsolution of system (1.1)-(1.2).
Proof of Theorem 1.1 (ii). We take the initial data (u
, where u i (x, t) and f i are defined in Lemma 2.1. If 
Proof of Theorem 1.2. (i). Consider the auxiliary functions
(2.10)
and (1.10)). By substituting (2.10) into (1.1) and (1.2) we deduce that
We set 
. Setting η i = ξ i + a i and noticing (1.10), we can rewrite the first inequalities of (2.13) as
14)
For any η i ∈ R, we define
and then have
Since min i {α i + β i } > 0, we have β i > −α i . We divide the proof of (2.14) into two cases.
.
which implies that g i (η i ) attains maximum at
To this purpose, we choose d i satisfying
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Therefore,
In particular, inequalities (2.14) hold.
Thus we have 2m i (m i + 1)
To do this, we only need to check 2m
To this purpose, we take d i satisfying
Hence (2.14) hold for such d i and A i . Combining Case i and Case ii, we have shown that (2.14) are true for suitable
(m i + 1) and then may take a i small enough such that the second part of (2.13) are satisfied.
Finally, we take the initial data (
It follows from the comparison principle that Theorem 1.2 (i) holds.
Proof of Theorem 1.2. (ii).
We construct the following well-know self-similar solution (the so-called Zel'dovich-Kompaneetz-Barenblatt profile [6, 10, 18] ) to (1.1)-(1.3) in the form
where positive constants τ and c are to be determined. By taking
which imply that
Since u i (x, t), (i = 1, 2, · · · , k), are nontrivial and nonnegative, we see u i (0, t 0 ) > 0 for some t 0 ≥ 0 (compare with a Barenblatt solution of the corresponding equations). Noticing that u i (x, t 0 ) > 0, (i = 1, 2, · · · , k), are continuous, there exist τ > 0 large enough and c > 0 small enough such that
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Thus, the self-similar solution (u 1B , u 2B , · · · , u kB ) is a subsolution of (1.1)-(1.3) in (0, ∞) × (t 0 , T ), and hence
So there exists t * ≥ t 0 such that
Let u i (x, t) be defined by (2.6) in the proof of Lemma 2.1. Then the inequalities (2.16) imply that
It follows from Lemma 2.1 that (u 1 , u 2 , · · · , u k ) blows up in a finite time. Observing that (2.16) holds for general nontrivial u 0i (x), we know that every nonnegative, nontrivial solution of (1.1)-(1.3) blows up in finite time.
3. Blow-up rate estimates. In this section, by using the scaling arguments we study the speeds at which the solutions to system (1.1)-(1.3) blow up. We shall use some ideas of [8, 9, 17, 20, 21] . For the blow-up rates for linear diffusion system with a similar boundary condition we refer to Lin [13] . Let (u 1 , u 2 , · · · , u k ) be a solution of system (1.1)-(1.3) increasing in time and with blow-up time T . We have from u it ≥ 0 that (u mi i ) xx ≥ 0 and hence u i (., t) ∞ = u i (0, t), (i = 1, 2, · · · , k). Following ideas from [9, 15, 17] , we define, for 0 < t < T ,
where we put M i (t) = u i (0, t) = max x≥0 u i (x, t). If we choose
and satisfy
We observe that there exists a negative number s * such that ϕ Mi , (i = 1, 2, · · · , k), are well defined for (y, s) ∈ A = {y > 0, s * < s < 0} with M i large enough. Otherwise, assume for instance, −
if M 1 is sufficiently large. This contradicts ϕ M1 (0, 0) = 1. Now we give the following lemma, which plays an important role in the proof of blow-up rates.
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Lemma 3.1. For the ϕ Mi defined as the above, there exist constants C > c > 0 such that
Proof. We prove (ϕ Mi ) s (0, 0) ≤ C at first. From the results for bounded solutions of porous medium equations [3] , we have that {ϕ
Mi } is equicontinuous. Passing to a subsequence we have
uniformly on compact sets of {y ≥ 0, s * < s < 0}. These functions ϕ i , (i = 1, 2, · · · , k), are continuous and satisfy ϕ i (0, 0) = 1. Thus, there exists a small neighborhood U of (0, 0) such that
Mi ≤ 1 for j large enough. This means that ϕ (j)
Mi are solutions of uniformly parabolic equations inŪ . We know by using the Schauder estimates [12] that
for some 0 < δ < 1 and every j large enough. We conclude that for M large enough
M1 is uniformly bounded in C 2+δ,1+ δ 2 , passing to a subsequence we have ϕ
which is a weak solution of 
for s ∈ (s * , 0). Thus w has minimum at (0, 0) with w(0, 0) = 0. By using Hopf's Lemma we know that w ≡ 0, which means ϕ 1 does not depend on s. Thus (ϕ Therefore, by using Lemma 3.1 and the definitions of ϕ Mi , b i we easily obtain
, we have the following lemma, which plays a key role in the proof of the upper estimates of blow-up rate.
Lemma 3.2. There exists a constant c > 0 such that
Proof. We denote first bỹ
and then observe that the linear algebraic system
By using 2p i
, we can deduce the other
. After a series of computations, we get 1 qi > 0 and
Then we use Hölder's inequality to obtain
Combining the above inequality with M mi+1 i
, we have completed the proof of (3.2).
Proof of Theorem 1.3. We first establish the upper estimates of the blow-up rate. Notice that
(m i + 1) implies that α i < 0, (i = 1, 2, · · · , k). Thus, it follows from (3.2) that
≥ c(T − t).
That is,
, t ∈ (0, T ). Because M i (t) → ∞ as t → T , it follows that, for any z : 0 < z < T , there exists a time t : z < t < T such that 
